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We investigate the role of inefficiency in quantum measurements in the quantum-to-classical tran-
sition, and consistently observe the quantum-to-classical transition by coarsening the references of
the measurements (e.g., when and where to measure). Our result suggests that the definition of
measurement precision in quantum theory should include the degree of the observer’s ability to
precisely control the measurement references.
PACS numbers: 03.67.Mn, 42.50.Dv, 03.65.Ud, 42.50.-p
Introduction.- Typical quantum phenomena observed
on microscopic scales somehow disappear on macroscopic
scales. There have been trials to explain the quantum-
to-classical transition. Decoherence is one of the well
known and successful attempts to explain such a revela-
tion of a classical world out of quantum mechanical rules
[1]. There are two crucial elements in the framework of
quantum mechanics: one is the state of a physical sys-
tem represented by a wave function, and the other is
the measurement represented by non-negative operators.
The decoherence program focuses on the evolution of the
state: it describes a transition of a quantum state to a
classical one due to its interactions with environments.
Recently, a different point of view was presented [2],
where coarsening of measurements is attributed to the
cause of the quantum-to-classical transition. Along this
line, it was also pointed out that coarsening of mea-
surements makes it hard to detect micro-macro entan-
glement in optical systems [3]. However, there exist
seemingly contradicting results where even fuzzy mea-
surements allow to observe severe violations of the Bell
inequality [4, 13] and also of the Leggett-Garg inequal-
ity [6]. It means that fuzziness in measurements do
not always result in the quantum-to-classical transition.
There is yet another example in which coarsening mea-
surements results in local realism under stronger restric-
tions [7]. There have been extensive attempts to clarify
sophisticated conditions of the quantum-to-classical tran-
sition [8–12] and it has been found that the quantum-
to-classical transition does not always occur when it is
expected [9, 11, 12]. Indeed, a condition of the measure-
ment process in which the quantum-to-classical transi-
tion is definitely forced to occur is yet to be found.
In fact, a complete measurement process is composed
of two parts: the one is to set a measurement reference
and control it while the other is the final detection with
the corresponding projection operator. The aforemen-
tioned works to explain the quantum-to-classical transi-
tion have focused on the role of inefficiency in the final
detection by coarsening its measuring resolution. On the
other hand, the control of the measurement reference is
described by an appropriate unitary operator with a ref-
erence variable applied to the projection operator. It
is worth investigating the role of the measurement ref-
erence by coarsening the accuracy of this unitary oper-
ation. Such unitary operations are often indispensable
when strong quantum effects, incompatible with classi-
cal physics, are observed by standard tools such as Bell’s
inequality [13] and the Leggett-Garg inequality [14].
Does the accuracy of controlling such measurement ref-
erences play a crucial role in the quantum-to-classical
transition? In this paper, we intensively tackle this ques-
tion using a generic example of macroscopic entangle-
ment together with specific physical examples. Our study
clearly shows that coarsening of the final measurement
resolution and that of the measurement reference lead
to completely different results. The quantum-to-classical
transition is forced to occur when the reference of mea-
surement is coarsened, while it is not the case when
only the final projection is coarsened. This aspect of
the “accuracy of the measurement reference” has not re-
ceived a proper attention in the context of the quantum-
to-classical transition. We believe that our discussion,
by clarifying the conditions of the quantum-to-classical
transition, sheds light upon the appearance of a classical
world from another angle.
Generic study.- We first consider a generic example
with an infinite dimensional system together with an or-
thonormal basis set {|on〉} where n takes integer indexes
from the minus to the plus infinities. Let us consider
observable Ok = Ok+ −Ok− where
Ok+ =
∞∑
n=k+1
|on〉〈on|, Ok− =
k∑
n=−∞
|on〉〈on|, (1)
and Ok represents a “sharp” dichotomic measurement
with eigenvalues ±1. A fuzzy version of this dichotomic
measurement may be written as
Oδ =
∞∑
k=−∞
Pδ(k)O
k (2)
2where Pδ(k) =
1
δ
√
2pi
exp[− k22δ2 ] is the normalized Gaus-
sian kernel with standard deviation δ. Here, δ defines the
degree of fuzziness in the measurement, i.e., the degree
of coarsening in the final measurement resolution. We
should assume δ > 1 in order to satisfy the normaliza-
tion condition with the discrete version of the Gaussian
function, however, this does not affect any essential as-
pects of our discussions. We then say that two states
are macroscopically distinguishable if they can be distin-
guished with a small error probability using Oδ with a
large value of δ. For example, states |on〉 and |o−n〉 can
be discriminated with the error probability of
Pe = 1−
[ ∞∑
k=−∞
1
δ
√
2pi
e−
k2
2δ2 χn−k
]2
(3)
where χj is 1 for j > 0 (−1 for j ≤ 0). Naturally, one
can introduce a type of entanglement as follows
|Mn〉 = 1√
2
(|on〉|o−n〉+ |o−n〉|on〉) (4)
which would become macroscopic entanglement when n
is sufficiently large.
We now consider a unitary transform, U(θ), that is the
rotation between two states |on〉, |o−n〉:
U(θ)|on〉 = cos θ|on〉+ sin θ|o−n〉,
U(θ)|o−n〉 = sin θ|on〉 − cos θ|o−n〉.
(5)
If one considers measuring a spin-1/2 system or polar-
ization of a photon, the unitary operation simply implies
a rotation of the measurement axis. The coarsened ver-
sion of the unitary operation applied to the projection
operator Oδ can be described as
Oδ,∆(θ0) =
∫
dθP∆(θ − θ0)
[
U †(θ)OδU(θ)
]
(6)
where P∆(θ− θ0) is the Gaussian kernel centered around
θ0 with standard deviation ∆. In contrast to the value of
δ in Eq. (2), ∆ in Eq. (6) quantifies the degree of coars-
ening in the measurement reference.
Now, we study the Bell-Clauser-Horne-Shimony-Holt
(Bell-CHSH) inequality [13, 15] using the entangled state
in Eq. (4). The correlation function is the expectation
value of the measurement operators as
Eδ,∆(θa, θb) = 〈Oδ,∆(θa)⊗Oδ,∆(θb)〉a,b (7)
where the average is taken over entangled state |Mn〉ab.
Let us first consider that the unitary transform U(θ) can
be perfectly controlled (∆ = 0) but the final action of
measurement is inaccurate (δ > 1). We then obtain an
explicit expression of Eδ(θa, θb) as
Eδ(θa, θb) =
1
2
[
fδ(n, θ1)fδ(−n, θ2) + fδ(−n, θ1)fδ(n, θ2)
+ 2gδ(n, θ1)gδ(n, θ2)
]
(8)
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FIG. 1. (color online) Numerically optimized Bell function B
of generic entanglement of size factor n against (a) variance
V = δ2 of the final measurement and (b) variance V = ∆2 of
the measurement reference. The dot-dashed line indicates the
classical limit, 2. As the coarsening degree V of the final mea-
surement increases in panel (a), the Bell function decreases
but this effect can be compensated by increasing the size n
of macroscopic entanglement (dotted curve: n = 2, dashed:
n = 3, solid: n = 5). However, panel (b) shows that the
Bell function rapidly decreases independent of n when the
measurement reference is coarsened.
where fδ(n, θ) =
∑∞
k=−∞ Pδ(k)
(
cos2 θχn−k + sin2 θ
χ−n−k
)
and gδ(n, θ) = sin θ cos θ
∑∞
k=−∞ Pδ(k)
(
χn−k −
χ−n−k
)
. The Bell function can be obtained as
B = Eδ(θa, θb)+Eδ(θ
′
a, θb)+Eδ(θa, θ
′
b)−Eδ(θ′a, θ′b), (9)
which should satisfy |B| ≤ 2 by the assumption of lo-
cal realism [15]. We plot the numerically optimized Bell
function in Fig. 1(a) for n and δ. Obviously, an arbitrar-
ily large value of δ can be compensated by increasing n in
order to observe violation of the Bell-CHSH inequality.
We also consider the case in which the unitary trans-
form is coarsened while the efficiency of the final mea-
surement is perfect. In this case, we set ∆ to be nonzero
while δ = 0. The explicit form of the correlation function
is then obtained as
E∆(θa, θb) = −
∫ ∞
−∞
∫ ∞
−∞
dφadφbP∆(φa − θa)P∆(φb − θb)
× cos[2(φa + φb)].
(10)
Obviously, E∆(θa, θb) is independent from the value of n,
i.e., macroscopicity of entanglement. In Fig. 1(b), it is
clear that regardless of the value of n, the increase of ∆
will totally destroy violation of Bell’s inequality. We have
analyzed the Bell-CHSH inequality but the Leggett-Garg
inequality may be considered in the same way by con-
sidering a time-dependent unitary operation U(θ) with
θ = ωt. In what follows, we shall investigate specific
physical examples both for the Bell-CHSH and Leggett-
Garg inequalities.
Bell’s inequality with entangled photon number states.-
We first consider entangled number state of photons,
|ψn〉 = 1√
2
(|nH〉|nV 〉+ |nV 〉|nH〉) (11)
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FIG. 2. (color online) Optimized Bell-CHSH function B for
entangled photon number states with number n against vari-
ance ∆2 of Gaussian coarsening angle for different values of
detection efficiency (solid curve: η = 1, dashed: η = 0.95,
dotted: η = 0.9) for (a) n = 1, (b) n = 2, (c) n = 3. In the
case of n = 3, all three curves virtually overlap.
where |nH〉 ≡ |H〉⊗n denotes horizontally polarized n
photons and |nV 〉 ≡ |V 〉⊗n vertically polarized. If we
set |nH〉 ≡ |on〉 , |nV 〉 ≡ |o−n〉, this system is identi-
cal to Eq. (4). We then need to find a physical exam-
ple of a unitary operation such Eq. (5). We adopt the
unitary operation, Up(θ) = exp[iθ(|nH〉〈nV | + h.c.)], a
rotation about the x-axis of the Bloch sphere of a po-
larized number-state qubit {|nH〉, |nV 〉}. As this unitary
operation depends on the photon number n, it needs the
nonlinear Hamiltonian Hˆn = g(aˆ
n
H aˆ
†n
V e
iφ + h.c.) to be
realized. One can in principle implement this type of
highly nonlinear Hamiltonian by decomposing it into se-
ries of Gaussian unitaries and cubic operations [16, 17].
Considering a realistic condition of photon loss, we use
a dichotomic measurement operator
Op =
n∑
k=1
(|kH〉〈kH | − |kV 〉〈kV |)+ |0〉〈0| (12)
and model an inefficient measurement using a beam split-
ter before the final photodetector. With its efficiency η, a
photodetector for field mode a is described by a perfect
detector after a beam splitter Bˆaa′(η) = eζ(aˆ†aˆ′−aˆaˆ′†)/2
where η=(cos ζ)2 and a′ represents the vacuum mode.
The beam splitter parameter ζ, which determines the
transmission ratio η, represents the degree of coarsen-
ing in the final detection. It was shown [13] that the
Bell-CHSH inequality is violated even by highly ineffi-
cient detectors, i.e., η very small as n can be made suf-
ficiently large. In other words, inefficiency of the final
detector can be compensated by increasing number n of
the entangled photon-number state. However, when the
fuzziness of the unitary operation, Up(θ), is considered
with a Gaussian noise as in Eq. (6) without coarsening
the final detection, it is straightforward to show that the
correlation function is exactly the same as Eq. (10).
It would be interesting to consider both the unitary
transform and the final detection being coarsened in or-
der to investigate more realistic scenarios. The correla-
tion function can be obtained as
Eη,∆(θa, θb) = 〈Opη,∆(θa)⊗Opη,∆(θb)〉a,b (13)
where
Opη,∆(θa) =
∫
dθP∆(θ − θa)
[
U †(θ)Bˆ†aa′OpBˆaa′U(θ)
]
(14)
for mode a and Opη,∆(θb) is likewise defined. We then
numerically calculate the optimized Bell function B for
several values of n and plot the results in Fig. 2. It shows
that the quantum-to-classical transition quickly occurs as
fuzziness ∆ of the unitary transform increases. The fig-
ure also shows that the decreasing rate of the Bell func-
tion caused by coarsening the unitary transform does not
depend on the value of η.
Bell’s inequality with entangled coherent states.-An en-
tangled coherent state [1, 2] |ψα〉 ∝ |α, α〉 + | − α,−α〉,
where |±α〉 are coherent states of amplitudes ±α, is
considered as a macroscopic quantum state when α be-
comes large [8]. It is known [10] that effective rotations
Uα(θ) in the space spanned by the basis {|α〉 , |−α〉}, re-
quired for a Bell inequality test, can be performed using
single-mode Kerr nonlinearities and displacement oper-
ations. A Bell test can then be performed using di-
chotomized homodyne measurements, where an eigen-
value +1 (−1) is assigned for any positive (negative)
outcomes [4, 13]. With homodyne efficiency η and Gaus-
sian reference coarsening of θ with standard deviation
∆, the correlation function can be obtained in the same
way described above using the measurement operator
Oh = ∫∞
0
|x〉〈x|dx − ∫ 0−∞ |x〉〈x|dx that replaces Op in
Eqs. (13) and (14). Our numerical results [22] presented
in Fig. 3 confirm that coarsening of the measurement ref-
erence cannot be made up by increasing macroscopicity
α (Fig. 3(b)), while it can be made so when the mea-
surement efficiency is coarsened (Fig. 3(a)). Here, we
can consider another interesting case where the angle of
the homodyne detection, which should also be controlled
precisely as a measurement reference, is coarsened, which
leads to qualitatively the same conclusion [22].
Leggett-Garg inequality with spin systems.- The tem-
poral correlation function Cab ≡ 〈Q(ta)Q(tb)〉 between ta
and tb for a dichotomic measurement operator Q forms
the Leggett-Garg inequality
K ≡ C12 + C23 + C34 − C14 ≤ 2 (15)
which is forced by macroscopic realism [14]. In the case
of the Leggett-Garg inequality that utilizes time sequen-
tial measurements, it is natural to consider coarsening
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FIG. 3. (color online) Optimized Bell functionB for entangled
coherent states against (a) homodyne detector efficiency η
and (b) variance ∆2 of Gaussian coarsening of measurement
reference for α = 5 (dotted curve), α = 10 (dashed) and α =
30 (solid). While the decrease of the measurement efficiency
can be made up by increasing α (panel (a)), coarsening of the
measurement reference causes virtually the same decrease of
the Bell function regardless of the values of α (panel (b)).
of the temporal references. We shall consider coarsen-
ing of two types of unitary operations for spin-j systems
considered in Refs. [2, 6] with the dichotomized parity
measurement Q =
∑j
m=−j (−1)j−m |m〉 〈m| where |m〉 is
a spin eigenstate of the spin-j operator Jˆz . The first
unitary operation to be considered is Uj(θ) = e
−iθJˆx
with θ = ωt and the initial state is assumed to be the
maximally mixed spin-j system
j∑
m=−j
|m〉〈m|/(2j + 1).
We again consider Gaussian coarsening of the unitary
operation applied to the measurement operator Q as
Q∆(θ0) =
∫
dθP∆(θ − θ0)
[
U †j (θ)QUj(θ)
]
. The temporal
correlation function between ta and tb can be obtained
as Cab = p+a+b +p−a−b −p+a−b −p−a+b , where p+a+b is
the probability for measuring + at ta and then + at tb,
and so on. After some calculation, we obtain
Cab =
j∑
m=−j
∫ ∞
−∞
dθ′P∆(θ′ − θb−a)e2imθ′/ (2j + 1),
(16)
where θb−a = ω(tb − ta). We plot the numerically opti-
mized Leggett-Garg function in Fig. 4(a) and observe the
decrease of the Leggett-Garg function for any value of j
by increasing the coarsening degree of the measurement
reference. We note that the larger value of j leads to
more rapid destruction of the Leggett-Garg violation by
coarsening the measurement reference.
It was shown [6] that under a unitary operation that
can generate a macroscopic superposition, the Leggett-
Garg inequality is violated even with a coarsened mea-
surement. The corresponding unitary operation is
U(θ) = exp[iθ(|+j〉 〈−j| + h.c.)] with θ = ωt and this
is identical to the unitary operation in Eq. (5) if |±j〉
are replaced with |o±n〉. The nonclassical Hamiltonian
associated with such a unitary operation is
Hˆ = iω(|−j〉 〈+j| − |+j〉 〈−j|). (17)
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FIG. 4. (color online) (a) Optimized Leggett-Garg function
K against variance ∆2 of Gaussian coarsening of the mea-
surement reference for different spin j states. For the larger
values of j, the faster decrease of the Leggett-Garg function
is observed. (b) Optimized Leggett-Garg fuction K against
variance ∆2 of Gaussian coarsening time under the nonclas-
sical Hamiltonian. As the temporal reference of the measure-
ment is coarsened by the increase of V = ∆2, violation of
Leggett-Garg inequality disappears regardless of j.
Assuming an initial state |+j〉, we can calculate the
temporal correlation function Cab by the same proce-
dure described above, and it is found to be Cab =
e−∆
2/2 cos[ω(tb − ta)] by applying the same Gaussian
coarsening of the measurement reference. The tempo-
ral correlation function Cab is obviously independent of j
and the Leggett-Garg violation disappear by coarsening
of the unitary operation as plotted in Fig. 4(b). Thus
the results for the spin system with the Leggett-Garg
inequality are consistent with the previous ones.
Remarks.- There have been studies to explain the
quantum-to-classical transition: they have focused on ei-
ther the evolution of the state or the accuracy of the
final measurement resolution. However, the accuracy of
the measurement reference has not been properly consid-
ered in this context. Our study consistently shows that
when a measurement reference such as the timing and
the axis angle of the measurement is coarsened, it can-
not be compensated by increasing “macroscopicity” of
the quantum state or by using an interaction to generate
such macroscopic quantum states. This is obviously not
the case when only the measurement resolution is coars-
ened. Our investigation covers a wide range of physical
systems from discrete to continuous variable systems us-
ing various degrees of freedom such as spins, polariza-
tions, photon numbers and quadrature variables. Even
though our discussions mainly adopt terminologies in op-
tics, they can be generalized to various physical systems
such as atomic and mechanical systems [22]. Our result
provides new insight into the quantum-to-classical tran-
sition from a different angle by revealing the importance
of the observer’s ability in controlling the measurement
reference, and more generally, importance of preciseness
in quantum operations.
This work was supported by the National Research
Foundation of Korea (NRF) grant funded by the Korea
government (MSIP) (No. 2010-0018295) and by the UK
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Note added.- At the completion of our work, we became
aware of Ref. [23] recently uploaded on a preprint server.
They considered superpositions of coherent states and
suggested a conjecture that outcome precision or control
precision has to increase in order to observe quantum
effects. While the system considered in Ref. [23] is dif-
ferent from ours, the results in their work are consistent
with our conclusions in emphasizing the importance of
the “control precision” of quantum measurements.
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6Supplementary Material
Testing Bell’s inequality with entangled coherent
states and coarsening the unitary operations
One of the most frequently cited non-classical
continuous-variable states is the entangled coherent state
[1]
|ψ〉 = N (|α, α〉 + | − α,−α〉), (A.1)
where |±α〉 are coherent states of amplitudes ±α and
N = {2(1 + e−4|α|2)}−1/2. For simplicity, we assume
that α is real and positive without loss of generality.
Such states are useful for various applications to quan-
tum information processing [1] and were experimentally
realized using optical fields [2]. The generation of the
entangled coherent state has been considered in other
physical systems including superconducting LC modes
[3], Bose-Einstein condensates [4], and motional degrees
of freedom of trapped ions [5] and nano-cantilevers/nano-
mirrors [6, 7]. Even though our discussion in this supple-
mentary material uses terminologies in optics, that can
be generalized to other harmonic oscillator systems. The
degree as a macroscopic quantum state for the entangled
coherent state increase as α becomes larger [8].
The unitary operation Uα(θ) required to test a Bell-
type inequality can be performed using single-mode Kerr
nonlinearities and displacement operations as [10–13]
Uα(θ) = UˆNLDˆ(iθ/4α)UˆNL (A.2)
where Dˆ(β) = exp[βaˆ† − β∗aˆ] is the displacement oper-
ator and UˆNL = exp[−ipi(aˆ†aˆ)2/2] represents a single-
mode Kerr nonlinear interaction. It is known [10–
12] that the operation Uα(θ) well approximates perfect
x-rotations in the vector space spanned by the basis
{|α〉 , |−α〉} when α is not too small. A Bell inequality
test can be performed using a dichotomized quadrature
measurement
Oh =
∫ ∞
0
|x〉 〈x| −
∫ 0
−∞
|x〉 〈x| (A.3)
where |x〉 is an eigenstate of a quadrature measurement
outcome x. It is well known that homodyne measure-
ments of optical fields realize such measurements [9].
We first consider the case of an inefficient homodyne
measurement with efficiency η that can be modeled by
a beam splitter with transmission ratio η right before a
perfect homodyne detector. The correlation function can
be obtained as
Eη(θa, θb) = 〈Ohη (θa)⊗Ohη (θb)〉a,b (A.4)
with
Ohη (θa) = U †α(θa)Bˆ†aa′OhBˆaa′Uα(θa), (A.5)
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FIG. 5. Optimized Bell function B against (a) homodyne
detector efficiency η and (b) variance ∆2 of Gaussian coars-
ening of the homodyne angle λ with α = 5 (dotted curve),
α = 10 (dashed) and α = 30 (solid). In panel (a), inefficiency
of the homodyne detection is compensated by increasing the
value of α while it is not the case with panel (b).
where Bˆaa′ is the beam splitter operator with the trans-
mission ratio η defined in the main Letter, a′ is the vac-
uum mode, and Ohη (θb) for mode b is defined likewise.
It should be noted that vacuum modes a′ and b′ em-
ployed to implement the beam splitter operators should
be traced out in order to finally obtain the average value
in Eq. (A.4). An explicit form of the correlation function
is
Eη(θa, θb) =
1
1 + e−4α2
[erf(
√
2ηα)]2 cos[2(θa − θb)].
(A.6)
We now move to coarsening of the measurement ref-
erence. First, the parameter θ of the unitary transform
Uα(θ) may be coarsened with Gaussian standard devia-
tion ∆. Under the assumption of the perfect measure-
ment efficiency (i.e., η = 1), the measurement operator
is
Oh∆(θ0) =
∫
dθP∆(θ − θ0)[U †α(θ)OhUα(θ)] (A.7)
where P∆(θ − θ0) is the Gaussian kernel centered at θ0
with standard deviation ∆ and the correlation function
is
E∆(θa, θb) = 〈Oh∆(θa)⊗Oh∆(θb)〉a,b. (A.8)
We obtain the correlation function as
E∆(θa, θb) =
e−4∆
2
1 + e−4α2
[erf(
√
2α)]2 cos[2(θa − θb)].
(A.9)
Equations (A.6) and (A.9) can be used to construct Bell
functions and numerically optimized results are plotted
for several values of α in our main Letter.
Another interesting case to be considered is to coarsen
the angle of the homodyne detection as a measurement
reference. The quadrature variable to be measured is
xˆλ =
1√
2
(aˆe−iλ + aˆ†eiλ) (A.10)
7where λ is the phase angle to the reference quadrature x.
Ideally, this angle should be maintained as λ = 0 during
the measurement process, while we assume that it is not
accurately controlled under the Gaussian coarsening of
standard deviation ∆. Since the measurement efficiency
η is supposed to be perfect, the correlation function can
be obtained in the same way explained above using |xλ〉
instead of |x〉 and P∆(λ−λ0) instead of P∆(θ− θ0). The
correlation function in this case is obtained as
E∆(θa, θb) =
1
1 + e−4α2

∫ ∞
−∞
e−
λ2
2∆2 α cos(λ)erf[
√
α2(1 + cos(2λ))]
∆
√
2piα2cos2(λ)
dλ


2
× cos[2(θa − θb)]. (A.11)
We obtain and plot the numerically optimized Bell func-
tion for several cases of α in Fig. 5 together with the
case of the measurement inefficiency based on Eq. (A.6)
for a comparison. It is obvious that the inefficiency of the
homodyne measurement can be compensated by increas-
ing the macroscopicity of the entangled coherent state
(Fig. 5(a)) while the coarsening of the measurement ref-
erence (homodyne angle) forces the quantum-to-classical
transition (Fig. 5(b)).
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